Abstract. Self-focusing of an intense optical beam in a plasma is studied, including the nonlinear effects of both the relativistic electron mass and the ponderomotive potential due to the electromagnetic wave. An exact steady asymptotic solution of beam propagation in a localized solitary wave form is obtained in slab geometry. Amplitude -width scaling relations are obtained, which imply that the width is limited to be less than square root of three of the collisionless skin depth. In the nonrelativistic limit, keeping only the relativistic mass effects, our solution reduces to the solution obtained by Schmidt and Horton. The asymptotic nature of the solitary wave is tested using a recently developed numerical particle simulation code.
I. INTRODUCTION
The nonlinear self-focusing of intense electromagnetic radiation in a dielectric media has been studied for well over twenty years now. 1 The development of powerful lasers and various applications of them, has prompted a considerable interest in self-focusing processes in plasma. In particular, the concepts of laser ignited fusion and laser-plasma particle accelerators such as the beat wave accelerator 2 and the plasma fiber accelerator 3 require transport of the laser beam with minimal loss in intensity over a considerable distance. A L~J 1989 American Institute of" Physics mechanism that allows for such a transport of the beam, without significant depletion, is discussed here.
As an intense laser beam enters plasma, an initial transient phase is because for such a profile the beam propagates without transverse spreading and thus, without losing its intensity or profile in this way.
In this paper we obtain an asymptotic profile for short laser pulses propagating in a cool plasma. The advantage of using a short laser pulse is that the ions, being massive, do not have time to respond and thus can be taken to be immobile. Therefore, the laser plasma system should be free of the parametric instabilities associated with the ion motion. The self-focusing process for a quasineutral plasma 4 is absent due to the short time scale. Since we are studying a cool plasma, only ponderomotive and relativistic effects are considered; the thermal self-focusing s effect should be negligible.
In Sec. II we present the basic evolution equations for the laser-plasma system. In Sec. III we look for an asymptotic profile of the laser beam by taking an ansatz which makes the evolution equations separable. The equations are solved analytically in slab approximation. Comparisons to earlier work on the subject are made. In Sec. IV the asymptotic profile obtained analytically is tested using a particle simulation program. In Sec. V the results derived are summarized.
II. EVOLUTION EQUATIONS
The basic set of equations describing the laser-plasma system consists of Maxwell's equations and the equation of motion for relativistic electrons. The electron pressure gradient is neglected in comparison with the ponderomotive force and the electrons are treated as cold. The assumption of immobile ions, justified as previously mentioned by the shortness of the laser pulse, allows us to write the charge density and plasma current in terms of the equilibrium density no and the electron density perturbation ~ne:
~ejnj : -edfne (1) .
J = -e(no + ~ne)v
Expressing the electromagnetic fields in terms of the potentials we obtain
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where the Coulomb gauge, V • A = 0 , is chosen because it allows for a clear separation of the slowly and rapidly varying components of the electric field.
From here on we will use a normalized vector potential: A ---+ An -----cA --= V/~. To single out the rapid laser variations, we take a trial function of the form
where an(r, t) and ¢(r, t) are real functions of space and time, k0 and w0 are the (constant) wavenumber and frequency of the laser wave in uniform, unperturbed plasma, and we have chosen the coordinate system so that the z-axis coincides with the direction of propagation. The wave is taken to have circular polarization.
Next we apply the slowly varying envelope approximation: the characteristic spatial length of the structure in our system is assumed much greater than the wavelength of the wave and the characteristic time period involved is assumed to be much longer than the laser oscillation ,period:
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The electron velocity is approximately given by 
and the plasma current can be written as 
while the imaginary terms yield an equation for the phase shift, 6
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where Ac -c/wv¢ is the collisionless skindepth, and VT is the transverse part of the gradient, V = VT + o27 ~ • The last term on the right hand side of equation (7) represents all the relevant nonlinearities, i.e. the ponderomotive force [acting through the normalized electron density N~ as will be given below by Eq. (9)] and the relativistic electron mass effects (appearing as the inverse square root factor).
We shall look for a stationary state, assuming that the outward laser ponderomotive force exerted on the electrons is balanced by the electrostatic field produced by the charge separation when the electrons are driven outward.
Under these circumstances the electron density perturbation can be expressed in the form 6'7 6he + 2[__z_ 0 0 022 Here (and henceforth) we have dropped the subscript n for convenience. (11) III. ASYMPTOTIC LASER PROFILE
We look for a stationary and asymptotic intensity profile independent ~f z for the laser beam under the combined influence of the ponderomotive and :elativistic effects. We choose the following ansatz for the amplitude and phase:
where we have still allowed for phase modulation in z. Equations (10) and (11) are separable under this ansatz. Equation (10) yields
where ~02 -= ~--k0 ~ , and C1 is the separation constant. The phase equation
where C2 is the separation constant.
Equation (14) where for consistency C1 should be much less than k02 in an underdense plasma.
The constant C1 can thus be interpreted as a measure of the z-dependence of the phase modulation. The radial portions of Eqs. (13) and (14) (20) and (9) yields a differential equation for a only: 
where g(a) is a metric and V(a) is the potential of the system, both yet to be determined, and where prime stands for the derivative with respect to the time-like variable. Lagrange's equation then yields
We find an integrating factor #(a) by requiring that Eq. 
where E -~ exp(-2a(( + C8)) and a2 __-X2C1 + 1. Unraveling the change of variable leads to I=a 2= +32(E+2)2a2E
Since the intensity is positive, the upper sign in the expression (31) is relevant.
The integration constant Cs imbedded within E corresponds to merely a shift of the solution along the x-axis. From Eq. (31) the profile centered at ~ = 0 is 2~ sech(n~) a = (32) 1 -,~2 sech2(,~) "
The parameter ,~ is now seen to be related to the inverse width of the profile in units of A~ -1. Further, ,~ is directly related to both the peak intensity of the profile at ~ = 0, and to the total power of the beam:
The total power of the laser beam in dimensionless variables is given by Physically reasonable values for ,~2 are given by 0<m2<1.
The lower limit excludes trivial solutions with zero amplitudes, and the upper limit keeps the peak amplitude finite. In Fig. l(a) we have plotted profiles for various values of maximum amplitude am. In Fig. l(b) are the corresponding potentials. The solitary type profile corresponds to the homoclinic orbit that the potential is found s to exhibit when 0 < ,~2 < 1. There could, however, exist also oscillatory type solutions, s 
For the homoclinic orbit the energy is, accoring to Eq. (28), E = a -~. Equation 
which yields the following expression for the intensity:
I(x) = -16n 2 C6e+2~ In the first case we set up a Gaussian intensity profile with normalized intensity (quivering velocity) I = 0.16 and beam waist Wb = 8X~, and the laser frequency was chosen to be w0 = 5wp. For these parameters the beam should self-focus (see Refs. 6 and 7), and it is indeed observed to focus as indicated by the increasing peak amplitude in Fig. 2(a) . We then replace the Gaussian intensity profile by the sech 2 -profile derived above for the asymptotic profile. The profile should then remain practically unaltered while propagating in plasma, as it is a steady state solution. This turns out to be the case, as evidenced in Fig. 2(a) , which shows that the fluctuations in the peak amplitude do remain within 1%. Also, the form the beam retains its sech 2 -profile, whereas in the case of the Gaussian profile quite strong deviation from the original form 
V. DISCUSSION
We have addressed here the question of a possible asymptotic transverse profile for a short, self-focused laser pulse propagating in plasma. Using a stationary state model for the electron density, we arrived at a solitary wave shape for the asymptotic profile. In the nonrelativistic limit for the field intensity, keeping only relativistic electron effects, the result reduces to the one obtained earlier by Schmidt and Horton. 1° The general profile (including ponderomotive effects) agrees well with computation proving to be stable and stationary in the numerical particle simulation experiment.
The existence of a stable asymptotic profile of a self-focused laser beam may have important applications in e.g. laser fusion as well as in plasma based accelerators, where it is necessary to have the laser beam traverse considerable distances without significant depletion.
